In this paper, we study a class of Finsler metrics called general (α, β)-metrics, which are defined by a Riemannian metric α and a 1-form β. We find an equation which is necessary and sufficient condition for such Finsler metric to be a Douglas metric. By solving this equation, we obtain all of general (α, β)-metrics with vanishing Douglas curvature under certain condition. Many new non-trivial examples are explicitly constructed.
Introduction
In Finsler geometry, one of important projective invariants is Douglas curvature, which was introduced by J. Douglas [4] . If two Finsler metrics F andF are projectively equivalent, then they have the same Douglas curvature. The Douglas curvature always vanishes for Riemannian metrics. Randers metrics are an important class of Finsler metrics, which are introduced by a physicist G. Randers in 1941. A Randers metric is of the form F = α + β, where α is a Riemannian metric and β is a 1-form. However, it can also be expressed in the following navigation form
It is well-known that a Randers metric is a Douglas metric if and only if β is closed for both of the above expressions [1] . As a generalization of Randers metrics, (α, β)-metrics are also defined by a a Riemannian metric and a 1-form and given in the form
where φ is a smooth function and satisfies two additional conditions. In 2009, B. Li, Y. Shen and Z. Shen gave a characterization of Douglas (α, β)-metrics with dimension n ≥ 3 [5] . Recently, C. Yu gave a more clear characterization. If F = αφ( β α ) is a non-trivial Douglas metric, then after some special deformations, α will turn to be another Riemannian metricᾱ and β to be another 1-formβ such thatβ is close and conformal with respect toᾱ, i.e.,b i|j = c(x)ᾱ ij , where c(x) = 0 is a scalar function on the manifold. In this case, F can be reexpressed as the form F =ᾱφ(b 2 ,β α ) [14] .
In fact, many famous Douglas metrics can be also expressed in the following form
where α is a Riemannian metric, β is a 1-form, b := β x α and φ(b 2 , s) is a smooth function. Finsler metrics in this form are called general (α, β)-metrics [15] . 
x,y |y| ) is the so-called spherically symmetric Finsler metrics [8] . Moreover, general (α, β)-metrics include part of Bryant's metrics [2, 15] and part of fourth root metrics [6] . Besides Randers metrics, square metrics can be expressed in the following form
It has been shown that F is a non-trivial Douglas square metrics if and only if
where c = c(x) = 0 is a scalar function on M [14] .
In this paper, we mainly study general (α, β)-metrics with vanishing Douglas curvature. Firstly, a characterization equation for such metrics to be Douglas metrics under a suitable condition is given (Theorem 1.1). By solving this equation, we obtain all general (α, β)-metrics with vanishing Douglas curvature under certain condition(Theorem 1.2). At last, we explicitly construct some new examples (see Section 6).
Here, we will assume that β is closed and conformal with respect to α, i.e. (1.2) holds. According to the relate discussions for Douglas (α, β)-metrics [3, 5, 7, 8, 14] , we believe that the assumption here is reasonable and appropriate.
The main results are given below.
where c = c(x) = 0 is a scalar function on M and b i|j is the covariant derivation of β with respect to α. Then F is a Douglas metric if and only if the following PDE holds
where f (x) and g(x) are two arbitrary differentiable functions.
Note that φ 1 means the derivation of φ with respect to the first variable b 2 .
It should be pointed out that if the scalar function c(x) = 0, then according to Proposition 3.1,
is a Douglas metric for any function φ(b 2 , s). So it will be regarded as a trivial case.
By solving equation (1.3), we have the following result
be a non-Riemannian general (α, β)-metric on an n-dimensional manifold M . Suppose that β satisfies (1.2). Then the general solution of (1.3) is given by
where f , g and h are arbitrary smooth functions of b 2 . Φ is an arbitrary smooth function of η. Moreover, the corresponding general (α, β)-metrics of (1.4) are of Douglas type. 
Preliminaries
Let F be a Finsler metric on an n-dimensional manifold M and G i be the geodesic coefficients of F , which are defined by
where (g ij ) := 
when n = 2 [15] .
Let α = a ij (x)y i y j and β = b i (x)y i . Denote the coefficients of the covariant derivative of β with respect to α by b i|j , and let
where (a ij ) := (a ij ) −1 and
It is easy to see that β is closed if and only if s ij = 0.
According to [15] , the spray coefficients G i of a general (α, β)-metric F = αφ b 2 , β α are related to the spray coefficients α G i of α and given by
In the following, we will introduce an important projective invariant.
where G i are the spray coefficients of F . The tensor
called Douglas tensor. A Finsler metric is called a Douglas metric if the Douglas tensor vanishes.
We require the following result in Section 6, the proof which is omitted.
Lemma 2.2. Let
then for any natural number n ≥ 1, we have (a) n = 2m
where C 1 and C 2 are arbitrary constants.
Douglas curvature of general (α, β)-metrics
In this section, we will compute the Douglas curvature of a general (α, β)-metric.
Suppose that β satisfies (1.2), then the Douglas curvature of F is given by
where y i := a ij y j and
2)
Proof. By (1.2), we have
Substituting (3.4) into (2.3) yields
where
Note that
where we take Einstein summation convention. By (3.5) and (3.7), we have
Differentiating (3.9) with respect to y j yields
Differentiating (3.10) with respect to y k yields
where k ↔ j denotes symmetrization. Therefore, it follows from (3.11) that 12) where k → l → j → k denotes cyclic permutation. It follows from (3.6) that
14)
Plugging (3.13), (3.14), (3.15) and (3.16) into (3.12) yields
By (2.4), (3.8), (3.9), (3.17) and (3.18), we obtain (3.1).
Proof of Theorem 1.1
In this section, we mainly prove Theorem 1.1. Firstly, we give the following Lemma. 
where H and T are given by (3.3) and (3.2), respectively. For s = 0, multiplying (4.2) by y j y k y l yields
By (4.3), it is easy to see that
Inserting (4.4) into (4.2) yields
It follows from (4.6) that
Plugging (4.4) and (4.7) into (4.1), we have
By (4.9), we have
By (3.2), we obtain
By (4.11), it is easy to see that the second equality of (4.7) implies (4.10).
Conversely, suppose that the second equality of (4.7) holds, it follows from (4.11) that (4.10) holds. Moreover,
Plugging the second equality of (4.7), (4.10) and (4.12) into (3.1), we have
is a Douglas metric.
Proof of Theorem 1.1. By Lemma 4.1, we obtain
where f and g are two arbitrary smooth functions of b 2 . By (3.3) and (4.13), we will complete the proof of Theorem 1.1.
By taking f = 0 and g = 0, we obtain the following result [13] 
General (α, β)-metrics with vanishing Douglas curvature
Proof of Theorem 1.2. Note that (φ − sφ 2 ) 2 = −sφ 22 . Therefore, (1.3) is changed to the following form
3)
It follows from (5.3) and (5.4) that (5.1) is equivalent to
The characteristic equation of PDE (5.5) is
This is a Bernoulli equation which can be rewritten as
This is a linear 1-order ODE of 1 χ . One can easily get its solution
where c is an arbitrary constant. By (5.8) and (5.9), the independent integral of (5.6) is
Hence the solution of (5.5) is
where Φ is any continuously differentiable function. By (5.2) and (5.10), we have
By (5.11) and (5.12), we obtain
where h(x) is an arbitrary smooth function and η(b 2 , s) is given by (1.5). Hence, by φ = sϕ, we get (1.4).
In the following, we will give necessary and sufficient conditions for a general (α, β)-metric with vanishing Douglas curvature to be a Finsler metric.
when n = 2.
Proof. Note that −sφ 22 = (φ − sφ) 2 . By (2.1), (2.2) and (5.11), we will get (5.14) and (5.15).
Some new examples
In this section, we will explicitly construct some new examples .
2 , then for any natural number m ≥ 1, parts of the solutions of (1.4) are given by 
whereh is a smooth function of b 2 and µ, ε, ξ are constants such that φ is positive. Moreover, the corresponding general (α, β)-metrics
(1) Take α = |y| and β = x, y , then the corresponding general (α, β)-metrics of (6.2)
are of Douglas type. In fact, they belong to spherically symmetric Douglas metrics, too. Moreover, when ε = 1, ξ = −1 and µ = ±1, F is just the Funk metric.
(2) Take α = |y| and β = x, y + a, y , where a is a constant vector, then the corresponding general (α, β)-metrics of (6.2)
are of Douglas type(See Example 8.1 in [16] ). Actually, they are just the generalized Funk metrics expressed in some other local coordinate system. Example 6.3. Take f = g = 0 and Φ(η(b 2 , s)) = (1 + η) √ η, then parts of the solutions of (1.4) are given by
whereh is a smooth function of b 2 such that φ is positive. Moreover, the corresponding general (α, β)-metrics
are of Douglas type.
, where µ is a constant. We obtain Example 4.3 given in [15] , namely
In particular, F is just the Berwald's metric when µ = −1.
, then parts of the solutions of (1.4) are given by
(1−b 2 ) 2 in (6.4), α = |y| and β = x, y + a, y , where a is a constant vector, the corresponding general (α, β)-metrics of (6.4)
are of Douglas type(See Example 8.2 in [16] ). Actually, they are just the generalized Berwald's metrics expressed in some other local coordinate system. in (6.5), α = |y| and β = x, y + a, y , where a is a constant vector, the corresponding general (α, β)-metrics of (6.5) F = 1 2 (c − |x| 2 − 2 a, x − |a| 2 )|y| 2 + ( x, y + a, y ) 2 + x, y + a, y c − |x| 2 − 2 a, x − |a| 2 − ε [c − ε 2 (|x| 2 + 2 a, x + |a| 2 )]|y| 2 + ε 2 ( x, y + a, y ) 2 + ε 2 ( x, y + a, y ) c − ε 2 (|x| 2 + 2 a, x + |a| 2 )
are of Douglas type. In particular, when c = 1 and a = 0, it is just Shen' metrics(see (39) in [12] ). When c = 1, it is just the Example 8.4 in [16] . When a = 0, it is just a projectively flat spherically symmetric Finsler metrics with constant flag curvature −1 [9] .
Example 6.6. Take f = λ, g = 1−2λb 2 in (6.6), α = |y| and β = x, y + a, y , where a is a constant vector, the corresponding general (α, β)-metrics of (6.6) F = 1 − λ(|x| 2 + 2 a, x + |a| 2 ) 1 − 2λ(|x| 2 + 2 a, x + |a| 2 ) { (1 − 2λ(|x| 2 + 2 a, x + |a| 2 ))|y| 2 + λ( x, y + a, y ) 2 + x, y + a, y } are of Douglas type, but not locally projectively flat.
